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Abstract
Logical geometry provides a broad framework for systematically studying
the logical (and other) properties of Aristotelian diagrams. The main aim
of this paper is to present and illustrate the foundations of a computational
approach to logical geometry. In particular, I describe a logical problem concerning Aristotelian diagrams that is of considerable theoretical importance,
viz. the task of finding the maximal Boolean complexity of a given family
of Aristotelian diagrams, and I then present and discuss a simple method for
automatically solving this task. This method is naturally implemented within
the paradigm of logic programming (in particular, Prolog). In order to illustrate the theoretical fruitfulness of this implementation, I also show how it
sheds new light on several well-known families of Aristotelian diagrams.
Keywords: Aristotelian diagram, logical geometry, bitstring semantics, Aristotelian family, Boolean subfamily, logic programming.
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Introduction

Aristotelian diagrams are compact visual representations of the elements of some
logical, lexical or conceptual field, and certain logical relations holding between
them, viz. the relations of contradiction, contrariety, subcontrariety and subalternation. These diagrams (and the relations that they visualize) have a long and rich history in philosophy and logic [46], but today they are also widely used in other areas,
including natural language semantics and artificial intelligence. For example, in
contemporary logic research, Aristotelian diagrams are used to study various (families of) logical systems, such as modal/epistemic logic [8, 14, 29, 37, 38], fuzzy
logic [32, 42, 43, 44, 63], propositional dynamic logic [14, 30] and probabilistic
logic [31, 48, 49, 57]. Furthermore, in work on natural language, Aristotelian relations and the corresponding diagrams have been used in semantics [13, 36, 56, 60],
pragmatics [33, 34, 35, 65, 67] and computational linguistics [39, 40, 54, 55]. Finally, Aristotelian diagrams are also used extensively by computer scientists to
study various knowledge representation formalisms, including rough set theory
[9, 10, 66], formal concept analysis and possibility theory [10, 22, 23], formal argumentation theory [1, 2, 3, 4], fuzzy set theory [11, 12, 24, 27], the theory of
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logical and analogical proportions [41, 51, 52, 53] and multiple-criterion decisionmaking [25, 26, 28]. The most important type of Aristotelian diagram used in these
fields is, without a doubt, the so-called square of opposition, but various researchers
have recently also started to use other, more complex diagrams, such as hexagons,
cubes, etc. [9, 13, 22]. Dubois et al. [25] and Yao [66] make some general remarks
on the heuristic usefulness of Aristotelian diagrams in the theoretical foundations
of artificial intelligence, emphasizing their role in drawing comparisons across individual formalisms and in discovering new notions. In [16, 21] these remarks are
further generalized to the applicability of Aristotelian diagrams in other areas.
In light of this recent trend toward more frequent and more diverse usage of
Aristotelian diagrams, there has been a growing need to study these diagrams also
from a more theoretical point of view. For example, after discussing a certain Aristotelian cube for specific knowledge representation purposes, Ciucci et al. go on to
ask a number of general questions regarding the logical properties of this diagram,
leaving many of them as questions for future research [12, Section 3.4]. The aim of
logical geometry is to offer a broad theoretical framework in which many of these
questions can systematically be addressed [15, 19, 20, 21, 59]. Furthermore, because of the rapidly growing complexity of Aristotelian diagrams,1 it seems highly
desirable to be able to answer some of these theoretical questions in an automated
(computer-assisted) fashion.
The main aim of this paper is to make a modest beginning with exactly such a
computational approach to logical geometry. In particular, I will describe a specific
logical problem concerning Aristotelian diagrams that is of considerable theoretical
importance, viz. the task of finding the maximal Boolean complexity of a given
family of Aristotelian diagrams, and I will present and discuss a simple method for
automatically solving this task. This method is naturally implemented within the
paradigm of logic programming (in particular, Prolog). In order to illustrate the
theoretical fruitfulness of this implementation, I will also show how it sheds new
light on several well-known families of Aristotelian diagrams.
The paper is organized as follows. In Section 2, I briefly introduce some fundamental notions from logical geometry, focusing on those that are most relevant for
the purposes of this paper. In Section 3, I then describe the task of determining the
maximal Boolean complexity of a given family of Aristotelian diagrams, and discuss its theoretical importance. I will also compare this task to a number of related
tasks in logical geometry, and discuss its relation to the well-known issue of logicsensitivity in Aristotelian diagrams. Next, Section 4 informally describes a method
for computing the maximal Boolean complexity of a given Aristotelian family, and
Section 5 presents and discusses a Prolog implementation of this method. In Section 6, then, I will illustrate the fruitfulness of this implementation, by using it to
actually compute the maximal Boolean complexity of several well-known fami1 For

example, it can be shown that there exist 2 families of Aristotelian squares, 5 families of
hexagons, and 18 families of octagons/cubes. Determining which, and how many, families of Aristotelian diagrams exist beyond the octagons, is a matter of ongoing research.
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lies of Aristotelian diagrams, and discussing the broader theoretical importance of
these results. Finally, in Section 7, I summarize the paper, and offer some suggestions for further research.

2

Aristotelian Diagrams and Bitstring Semantics

The Aristotelian relations can be defined on various levels of generality and abstractness. The most general definition is formulated in terms of Boolean algebras
[19, 20], but for our current purposes it will suffice to define the Aristotelian relations relative to some logical system S. Hence, consider a logical system S, which
is assumed to have the usual Boolean operators, and a model-theoretic semantics
|=S . The formulas ϕ, ψ ∈ LS are said to be
S-contradictory
S-contrary
S-subcontrary
in S-subalternation

iff
iff
iff
iff

|=S ¬(ϕ ∧ ψ)
|=S ¬(ϕ ∧ ψ)
6|=S ¬(ϕ ∧ ψ)
|=S ϕ → ψ

and
and
and
and

|=S ϕ ∨ ψ,
6|=S ϕ ∨ ψ,
|=S ϕ ∨ ψ,
6|=S ψ → ϕ.

These relations are abbreviated as CDS , CS , SCS and SAS , respectively. Informally,
the relations CDS , CS and SCS are defined in terms of whether the formulas can
be true together and whether they can be false together,2 whereas SAS is defined in
terms of truth propagation [59].
An Aristotelian diagram visualizes a fragment of formulas F ⊆ LS , and the
Aristotelian relations holding between those formulas. Because of various historical and systematic reasons [59, Subsection 2.1], Aristotelian diagrams are usually
only drawn for fragments satisfying certain conditions. In particular, throughout
this paper we will assume that the formulas in F are S-contingent and pairwise
non-S-equivalent, and that F itself is closed under negation.3 More formally, an
Aristotelian diagram for F in S is a diagram that visualizes an edge-labeled graph
G . The vertices of G are the formulas of F , and the edges of G are labeled by
the Aristotelian relations holding between those formulas, i.e. if ϕ, ψ ∈ F stand
in some Aristotelian relation in S, then this is visualized according to the code in
Fig. 1(a). Some examples of Aristotelian diagrams are shown in Fig. 1(b-c) and
Fig. 2(a-c).
The notion of an Aristotelian isomorphism captures what it means for two Aristotelian diagrams to be ‘essentially the same’, from the perspective of their Aristotelian relations. Suppose that D is an Aristotelian diagram for the fragment F
in the logical system S, while D 0 is a diagram for the fragment F 0 in the system
S0 . We say that D and D 0 are Aristotelian isomorphic to each other iff there exists a bijection γ : F → F 0 such that for all Aristotelian relations R and formulas
2 The ¬(ϕ ∧ ψ) part specifies whether the formulas can be true together; similarly, given the
equivalence of ϕ ∨ ψ and ¬(¬ϕ ∧ ¬ψ), the ϕ ∨ ψ part specifies whether the formulas can be false
together.
3 So for all distinct ϕ, ψ ∈ F , it holds that 6|= ϕ, 6|= ¬ϕ, 6|= ϕ ↔ ψ, and there exists a ϕ 0 ∈ F
S
S
S
such that |=S ϕ 0 ↔ ¬ϕ.
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Figure 1: (a) Code for visualizing the Aristotelian relations, (b) classical square of
opposition in KD, (c) degenerate square in classical propositional logic (CPL).

Figure 2: (a) (strong) JSB hexagon in KD, (b) (weak) JSB hexagon in KT, (c)
Buridan octagon in CPL.

ϕ, ψ ∈ F , it holds that RS (ϕ, ψ) iff RS0 (γ(ϕ), γ(ψ)) [21, Definition 4]. For example, the diagrams in Fig. 2(a-b) are Aristotelian isomorphic to each other; both of
them are called ‘Jacoby-Sesmat-Blanché (JSB) hexagons’.
One of the main ongoing lines of research in logical geometry involves developing a systematic classification of Aristotelian diagrams. For these purposes we
make crucial use of the notion of Aristotelian isomorphism. In particular, a family
of Aristotelian diagrams — or Aristotelian family, for short — is defined to be a
maximally large class of Aristotelian isomorphic diagrams, i.e. a class C such that
(i) any two diagrams belonging to C are Aristotelian isomorphic to each other, and
(ii) if a diagram D belongs to C , and D is Aristotelian isomorphic to another diagram D 0 , then D 0 also belongs to C . For example, the diagram shown in Fig. 1(b)
belongs to the Aristotelian family of classical squares, while Fig. 1(c) shows an
example of another Aristotelian family, viz. the degenerate squares (in which there
are no Aristotelian relations whatsoever, except for the two contradiction relations).
Furthermore, the diagrams in Fig. 2(a-b) both belong to the Aristotelian family of
JSB hexagons, and finally, Fig. 2(c) shows an example of the family of Buridan
octagons (also cf. Footnote 1).
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Another central notion in logical geometry is that of the Boolean closure of a
given fragment or Aristotelian diagram [14, 20, 21]. Consider a finite fragment
F ⊆ LS . The Boolean closure of F in S, denoted BS (F ), is the smallest Boolean
algebra that contains F , i.e. such that (i) F ⊆ BS (F ), and (ii) for all Boolean
algebras B such that F ⊆ B, it holds that BS (F ) ⊆ B. Similarly, if D is an Aristotelian diagram for F , then any Aristotelian diagram that visualizes all (contingent) formulas from BS (F ) is said to be the Boolean closure of the diagram D.
For example, it is well-known that the Boolean closure (in KD) of the classical
square in Fig. 1(b) is the JSB hexagon shown in Fig. 2(a), and that the Boolean
closure (in CPL) of the Buridan octagon in Fig. 2(c) is a rhombic dodecahedron, a
3D diagram with 14 contingent formulas [38, 58, 61].
In its theoretical study of Aristotelian diagrams, logical geometry makes extensive use of bitstring semantics [21, 62]. Bitstrings are combinatorial representations of formulas that provide a concrete grip on the logical behavior of a given
fragment (in particular, its Boolean complexity and the Aristotelian relations holding among its formulas). A systematic technique for assigning bitstrings to any
finite fragment F of formulas in any logical system S is described in detail in [21];
here we will focus on those aspects that are relevant for our current purposes. Given
a fragment F = {ϕ1 , . . . , ϕm } ⊆ LS , the partition of S induced by F is defined as
ΠS (F ) := {α ∈ LS | α ≡S ±ϕ1 ∧ · · · ∧ ±ϕm , and α is S-consistent}
(where +ϕ = ϕ and −ϕ = ¬ϕ). The set ΠS (F ) is called a ‘partition’ of (the class
W
of models of) S because its elements are (i) jointly exhaustive, i.e. S |= ΠS (F ),
and (ii) mutually exclusive, i.e. S |= ¬(α ∧ β ) for distinct α, β ∈ ΠS (F ). It can be
shown that every formula ϕ ∈ BS (F ) is S-equivalent to a disjunction of elements
of ΠS (F ):4
_
ϕ ≡S
{α ∈ ΠS (F ) | |=S α → ϕ}.
The bitstring semantics βSF maps each formula ϕ ∈ BS (F ) to its bitstring representation βSF (ϕ) ∈ {0, 1}|ΠS (F )| , which ‘keeps track’ of which formulas of ΠS (F )
enter into this disjunction. For example, if ΠS (F ) = {α1 , α2 , α3 , α4 }, then βSF (ϕ) =
1011 means that ϕ ≡S α1 ∨α3 ∨α4 . Note that |ΠS (F )| is the length of the bitstring
βSF (ϕ).
The Aristotelian relations can be lifted from the level of LS -formulas to the
level of bitstrings: two bitstrings b1 , b2 ∈ {0, 1}n are said to be
n-contradictory
n-contrary
n-subcontrary
in n-subalternation

iff
iff
iff
iff

b1 ∧ b2 = 0 · · · 0
b1 ∧ b2 = 0 · · · 0
b1 ∧ b2 6= 0 · · · 0
b1 ∧ b2 = b1

and
and
and
and

b1 ∨ b2 = 1 · · · 1,
b1 ∨ b2 6= 1 · · · 1,
b1 ∨ b2 = 1 · · · 1,
b1 ∨ b2 6= b1 .

can be understood as a kind of disjunctive normal form [64] that is ‘relativized’ to F :
the formula ϕ is rewritten as a disjunction of conjunctions of ‘F -literals’, i.e. formulas from F
and their negations. (By contrast, the usual disjunctive normal form works with ordinary literals,
i.e. propositional atoms and their negations.)
4 This
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These relations will be abbreviated as CDn , Cn , SCn and SAn , respectively. With
these definitions in place, one can easily show that the Aristotelian relations holding between the formulas in (the Boolean closure of) F precisely correspond to
those holding between the formulas’ bitstring representations: for all Aristotelian
relations R and formulas ϕ, ψ ∈ BS (F ), it holds that RS (ϕ, ψ) iff R|ΠS (F )| (βSF (ϕ), βSF (ψ))
[21, Theorem 2].
Furthermore, it can also be shown that the Boolean closure BS (F ) of a fragment F in a logical system S is isomorphic to the Boolean algebra {0, 1}|ΠS (F )|
[21, Theorem 1]. The bitstring semantics of F (in particular, the length of the
bitstrings) thus directly captures the Boolean complexity of F . For example, it
is well-known that the 4-formula fragment visualized by the classical square in
Fig. 1(b) induces a tripartition [21, 22, 66], and hence is represented by bitstrings
of length 3. The Boolean closure of this fragment thus has 23 formulas, of which
23 − 2 = 6 are contingent, and shown in the Boolean closure of the square, i.e. the
JSB hexagon in Fig. 2(a). Similarly, the 8-formula fragment visualized by the
Buridan octagon in Fig. 2(c) induces a quadripartition [21, 22], and hence is represented by bitstrings of length 4. The Boolean closure of this fragment thus has 24
formulas, of which 24 − 2 = 14 are contingent, and shown in the Boolean closure
of the Buridan octagon, i.e. in the rhombic dodecahedron.5
The theoretical value of this approach should be clear. If we are interested in
the Boolean complexity of F , i.e. in the size of its Boolean closure, but not necessarily in the individual formulas in that Boolean closure, then it is better to compute
the partition ΠS (F ) that is induced by F , rather than the Boolean closure BS (F )
itself, since the former already allows us to determine the size of BS (F ). Furthermore, computing ΠS (F ) is exponentially less work than computing BS (F ),
as should be clear from the following upper bounds: |ΠS (F )| ≤ 2|F | , whereas
|F |
|BS (F )| = 2|ΠS (F )| ≤ 22 [21, Footnote 50].
The bitstring length |ΠS (F )| thus provides a direct measure of the Boolean
complexity of F . Furthermore, the bitstrings themselves are also useful, in particular when we want to determine the Aristotelian relations holding between formulas. Suppose, for example, that we have formulas ϕ1 , ϕ2 , ψ1 , ψ2 ∈ F . The
Aristotelian relations holding among these formulas will be visualized by any Aristotelian diagram for F . However, if ϕ1 ∧ ϕ2 and ψ1 ∨ ψ2 are not in F , then these
two formulas, and a fortiori the relation holding between them, will not be visualized by an Aristotelian diagram for F . Nevertheless, once we have a bitstring
S , we can straightforwardly compute β F (ϕ ∧ ϕ ) and β F (ψ ∨ ψ ),
semantics βF
1
2
1
2
S
S
determine the Aristotelian relation holding between these two bitstrings, and conclude that the same Aristotelian relation holds between the formulas. For example,
if we know that βSF (ϕ1 ) = 111000, βSF (ϕ2 ) = 110100, βSF (ψ1 ) = 000010 and
5 Henceforth in this paper, I will often talk, informally, about the partition induced by/the Boolean
complexity of some Aristotelian diagram. Strictly speaking, this should be understood as the partition induced by/the Boolean complexity of the fragment of formulas visualized by that diagram.
Furthermore, when I say that the Boolean closure of an Aristotelian diagram is isomorphic to some
Boolean algebra, this should be understood modulo the restriction to contingent formulas.
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βSF (ψ2 ) = 000001, then we can calculate βSF (ϕ1 ∧ ϕ2 ) = βSF (ϕ1 ) ∧ βSF (ϕ2 ) =
111000 ∧ 110100 = 110000 and βSF (ψ1 ∨ ψ2 ) = βSF (ψ1 ) ∨ βSF (ψ2 ) = 000010 ∨
000001 = 000011; we then note that βSF (ϕ1 ∧ ϕ2 ) and βSF (ψ1 ∨ ψ2 ) are 6-contrary
(since 11000 ∧ 00011 = 00000 and 11000 ∨ 00011 6= 11111), and conclude that the
formulas ϕ1 ∧ ϕ2 and ψ1 ∨ ψ2 themselves are S-contrary.

3

Maximal Boolean Complexity

As was already described in Section 2, one of the main ongoing lines of research
in logical geometry involves the classification of Aristotelian diagrams into distinct families, based on the notion of Aristotelian isomorphism. A complicating
factor in this project is that diagrams belonging to the same Aristotelian family can
have different Boolean complexities [21, Section 5]. For example, the diagrams in
Fig. 2(a-b) are Aristotelian isomorphic to each other, and thus belong to the same
Aristotelian family, viz. the family of JSB hexagons. However, the hexagon in
Fig. 2(a) induces (in the modal logic KD) the tripartition {p, ♦p ∧ ♦¬p, ¬p},
and thus its Boolean closure is isomorphic to {0, 1}3 ; by contrast, the hexagon in
Fig. 2(b) induces (in KT) the quadripartition {p, p ∧ ♦¬p, ¬p ∧ ♦p, ¬p}, and
thus its Boolean closure is isomorphic to {0, 1}4 . Because of these differences in
Boolean complexity, the diagram in Fig. 2(a) is said to be a strong JSB hexagon,
while that in Fig. 2(b) is called a weak JSB hexagon [47].
Examples such as these show that within Aristotelian families, there may also
exist Boolean subfamilies. Diagrams belonging to distinct Boolean subfamilies of
the same Aristotelian family are Aristotelian isomorphic to each other, but have different Boolean complexities. From a classificatory perspective, this means that for
any given Aristotelian family A , one should also make a systematic subclassification of the Boolean subfamilies of A . A first step toward such a subclassification
involves determining the lower and upper bounds on the Boolean complexity of
(diagrams belonging to) A :
• What is the minimal Boolean complexity of (diagrams belonging to) A ?
In other words: what is the smallest number n such that there exists a logical
system S and fragment F ⊆ LS such that the Aristotelian diagram for F in
S belongs to the Aristotelian family A , and |ΠS (F )| = n?
• What is the maximal Boolean complexity of (diagrams belonging to) A ?
In other words: what is the largest number n such that there exists a logical
system S and fragment F ⊆ LS such that the Aristotelian diagram for F in
S belongs to the Aristotelian family A , and |ΠS (F )| = n?
For example, concerning the Aristotelian family of JSB hexagons, we know
that the Boolean subfamily of strong JSB hexagons has Boolean complexity 3,
while the Boolean subfamily of weak JSB hexagons has Boolean complexity 4
(cf. supra); however, one can also ask whether there exist JSB hexagons with a
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Boolean complexity of (i) strictly less than 3, or (ii) strictly higher than 4. Question
(i) is relatively straightforward to answer. If an Aristotelian diagram has Boolean
complexity 2, then it can be represented by bitstrings of length 2, and since there
exist only 22 − 2 = 2 contingent bitstrings of length 2, the diagram cannot be a
hexagon (which contains 6 > 2 contingent formulas), and thus a fortiori not a
JSB hexagon. The minimal Boolean complexity of the Aristotelian family of JSB
hexagons is thus indeed 3. By contrast, question (ii) is less trivial to answer.
In the next section I will therefore present a method for systematically determining the maximal Boolean complexity of any given Aristotelian family; furthermore, in Section 5, this method will be implemented computationally, in the logic
programming language Prolog. The Prolog program will provide a generic description of the largest possible partition ΠA
max that can be induced by (diagrams
belonging to) the Aristotelian family A . The number |ΠA
max | is thus the maximal
Boolean complexity of A . Furthermore, the program also automatically computes
A based on this maximal partition ΠA , which enables
the bitstring semantics βmax
max
us to assign a maximal bitstring representation to (diagrams belonging to) A .
The task of automatically determining the maximal Boolean complexity of
a given Aristotelian family is of considerable theoretical importance within the
framework of logical geometry. First of all, as was already explained above, this
issue is directly relevant toward obtaining a systematic classification of families
of Aristotelian diagrams and, especially, their Boolean subfamilies. Secondly, the
generic description of the largest possible partition ΠA
max and bitstring semantics
A induced by the Aristotelian family A also provides us with a deeper unβmax
derstanding of the Boolean properties of that Aristotelian family in general. For
example, (diagrams belonging to) the Boolean subfamilies of A that have nonmaximal Boolean complexity induce partitions that can be seen as subsets of the
maximal partition ΠA
max , and thus receive bitstring representations that are subA . (These
strings of those assigned by the maximal bitstring representation βmax
claims will be further explained and illustrated in Section 6).
These advantages are all situated at a relatively abstract/theoretical level. To
provide some further context to the task of determining the maximal Boolean complexity of a given Aristotelian family, I will finish this section by drawing a comparison with two related tasks, which are more concrete/application-oriented in
nature. However, the first of these other tasks presents us with major practical difficulties when we want to solve it in an automated, computational fashion, while
the second one turns out to be underspecified and thus cannot be systematically
solved at all.
The first related task is, given some fragment F in some logical system S, to
compute the partition ΠS (F ) induced by that fragment in that logic (and hence
also its Boolean complexity |ΠS (F )|). This task starts from a specific fragment
and, especially, a specific logical system. Consequently, automatically solving this
talk will require making use of dedicated reasoning algorithms (theorem provers,
satisfiability checkers, etc.) for every specific (fragment and) logical system that we
happen to be interested in, which is practically unfeasible. By contrast, the task of
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determining the maximal Boolean complexity of an Aristotelian family starts from
that Aristotelian family in general, regardless of any specific diagram belonging to
that family, and consequently, it can automatically be solved using general-purpose
logic programming tools only.
This practical problem is related to a theoretical issue that is well-known in
logical geometry, viz. the fact that Aristotelian diagrams are highly logic-sensitive
[15, 17, 21, 45, 50]. This issue has several manifestations, and the clearest one
is probably the fact that the Aristotelian relation holding between two formulas
partially depends on the logic that is being assumed in the background.6 More formally, there exist logical systems S1 and S2 (with a common language L = LS1 =
LS2 ) and formulas ϕ, ψ ∈ L , such that ϕ and ψ stand in one Aristotelian relation
in S1 , and in another Aristotelian relation in S2 . To give an extreme example, the
formulas p and ¬p do not stand in any Aristotelian relation in the basic normal
modal logic K, they are contrary in KD, subcontrary in KF (where F is the axiom
♦p → p), and contradictory in KDF.7 If we have multiple formulas, these issues of logic-sensitivity multiply accordingly. For example, consider the fragment
F = {p, ¬p, ♦p, ♦¬p}. One can easily show that in KD, the Aristotelian diagram for F is a classical square of opposition, as shown in Fig. 3(a), whereas in
K, the Aristotelian diagram for that same fragment F is a degenerate square (or ‘X
of opposition’ [5]), as shown in Fig. 3(b). Since the fragment F gives rise to diagrams belonging to different Aristotelian families in KD and K, it should not come
as a surprise that it also induces different partitions in these two logical systems.
In particular, it can be shown that ΠKD (F ) = {p, ♦p ∧ ♦¬p, ¬p} (and thus
BKD (F ) ∼
= {0, 1}3 ), whereas ΠK (F ) = {p ∧ ♦p, ♦p ∧ ♦¬p, ¬p ∧ ♦¬p, p ∧
¬p} (and thus BK (F ) ∼
= {0, 1}4 ).
This brings us to the second related task. In order to avoid the issue of logicsensitivity, the task description no longer refers to a specific logical system, but
rather replaces this with information regarding the Aristotelian relations holding
between the fragment’s formulas. This is a natural move to make, since in logical
geometry we are not primarily interested in fragments ‘in isolation’, but rather in
Aristotelian diagrams, which represent fragments of formulas together with the
Aristotelian relations holding between those formulas. The second related task
thus is, given some fragment of formulas and the Aristotelian relations holding
between those formulas, to compute the partition induced by that fragment and
those relations.
6 Other manifestations of logic-sensitivity include the fact that the formulas visualized by an Aristotelian diagram are assumed to be S-contingent and pairwise non-S-equivalent (cf. supra). After
all, a formula might be S1 -contingent but not S2 -contingent, and two formulas might be non-S1 equivalent but S2 -equivalent, for different logical systems S1 and S2 . These specific issues need not
concern us further in this paper, but see [17] for a more systematic discussion.
7 The logic K is sound and complete with respect to the class of all Kripke frames; the logics
KD, KF and KDF are sound and complete with respect to the classes of serial, partially functional,
and totally functional Kripke frames, respectively. For a Kripke frame hW, Ri and w ∈ W , we write
R[w] := {v ∈ W | wRv}; seriality then means that ∀w ∈ W : |R[w]| ≥ 1, partial functionality means
that ∀w ∈ W : |R[w]| ≤ 1, and total functionality means that ∀w ∈ W : |R[w]| = 1.
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Figure 3: (a) Classical square in KD, (b) degenerate square for the same fragment
in K, (c) JSB hexagon in KD and K.

In some cases this second task can indeed be solved without taking into account
the details of any specific logical system. For example, if we are given, once again,
the fragment F = {p, ¬p, ♦p, ♦¬p}, together with the information that these
formulas constitute a classical square of opposition (i.e. that p is contradictory
to ¬p, that p is contrary to ¬p, that there is a subalternation from p to
♦p, etc.), then one can show that it induces the partition {p, ♦p ∧ ♦¬p, ¬p},
without referring to any specific logical system [17].
However, there also exist cases where this second task simply cannot be solved
uniformly. This is due to another, more subtle manifestation of the issue of logicsensitivity in Aristotelian diagrams: there exist logical systems S1 and S2 and fragments F such that (i) the formulas of F stand in exactly the same Aristotelian
relations in S1 and in S2 — in other words, F gives rise to diagrams belonging to the same Aristotelian family in S1 and in S2 —, and yet, (ii) F has different Boolean complexities in S1 and S2 [17]. For example, consider the fragment F = {p ∧ ♦p, ¬p ∧ ♦¬p, p ∨ ♦p, ¬p ∨ ♦¬p, p ∨ ¬p, ♦p ∧ ♦¬p}.
One can easily show that the Aristotelian relations holding among the formulas
of F are exactly the same in KD as in K: in both logical systems, this fragment
gives rise to a JSB hexagon, as shown in Fig. 3(c). However, it can be shown
that ΠKD (F ) = {p, ♦p ∧ ♦¬p, ¬p} (and thus BKD (F ) ∼
= {0, 1}3 ), whereas
ΠK (F ) = {p ∧ ♦p, ♦p ∧ ♦¬p, ¬p ∧ ♦¬p, p ∧ ¬p} (and thus BK (F ) ∼
=
4
{0, 1} ). (In other words: the fragment F gives rise to a strong JSB hexagon
in KD, but to a weak JSB hexagon in K.)
This example shows that the Boolean complexity of a given fragment cannot
always be uniquely determined from the Aristotelian relations holding among the
fragment’s formulas.8 The second related task is thus underspecified: the task de8

Essentially, the reason for this is that the Aristotelian relations are strictly binary in nature,
whereas the Boolean complexity of a fragment involves considerations that go beyond binary relations. For example, consider the three (!) formulas p ∧ ♦p, ¬p ∧ ♦¬p and ♦p ∧ ♦¬p from the
fragment F introduced above. If we restrict ourselves to binary relations, then we note that both in
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scription does not always provide enough information to guarantee a unique solution. By contrast, the highest possible Boolean complexity of a given fragment can
indeed be uniquely determined from the Aristotelian relations holding among the
fragment’s formulas — or equivalently: the maximal Boolean complexity |ΠA
max | of
a given Aristotelian family A can be uniquely determined. This latter formulation
is exactly the original task we were interested in, and to which we turn now.

4

Computing Maximal Boolean Complexity

In this section, I will informally describe a straightforward method for computing
the maximal Boolean complexity of a given Aristotelian family. In the next section,
I will then present a Prolog implementation of this method, and discuss some of its
design features.
Consider an arbitrary logical system S and fragment F = {ϕ1 , . . . , ϕm } ⊆ LS .
The fragment F gives rise in S to an Aristotelian diagram belonging to some Aristotelian family A . Recall that the partition induced by F in S is defined as follows:
ΠS (F ) := {α ∈ LS | α ≡S ±ϕ1 ∧ · · · ∧ ±ϕm , and α is S-consistent}.
Up to logical equivalence, the partition ΠS (F ) thus consists of S-consistent conjunctions of (possibly negated) formulas from F . The condition of S-consistency
can be understood as a ‘filter’ on the conjunctions that end up in the partition
ΠS (F ): if more and more conjunctions are S-inconsistent (i.e. no longer pass
the filter), the partition will get smaller and smaller. Since we are interested in determining the largest possible partition (i.e. the smallest number of S-inconsistent
formulas), we will now explore the notion of S-inconsistency in some more detail.
A conjunction ψ1 ∧ · · · ∧ ψk — with all conjuncts being (possibly negated) formulas from F — will be called A -inconsistent iff it contains two conjuncts ψi
and ψ j that are S-contradictory or S-contrary to each other.9 Analogously, the
conjunction ψ1 ∧ · · · ∧ ψk will be called A -consistent iff it does not contain conjuncts ψi and ψ j that are S-contradictory or S-contrary to each other. The notions
of A -(in)consistency are defined relative to the Aristotelian family A , because
they explicitly refer to the Aristotelian relations specified by A (in particular, its
contradiction and contrariety relations).
K and in KD, these formulas are pairwise contrary to each other, as shown in Fig. 3(c). However, if
we consider all three formulas simultaneously, then we do note a difference between the two logical
systems: in KD the disjunction of these three formulas is a tautology, but in K it is not.
9 The difference between S-inconsistency and A -inconsistency is thus that for the S-inconsistency
of a conjunction, we take all conjuncts into account, whereas for its A -inconsistency we require that
the inconsistency can be ‘pinpointed’ to just two conjuncts. This is essentially due to the strictly
binary nature of the Aristotelian relations (also cf. Footnote 8). Furthermore, note that we only
refer to the relations of contradiction and contrariety in the definition of A -inconsistency, because
these are the only two Aristotelian relations that imply the S-inconsistency of the conjunction of
their relata: CDS (ψi , ψ j ) and CS (ψi , ψ j ) both imply that |=S ¬(ψi ∧ ψ j ), whereas SCS (ψi , ψ j ) and
SAS (ψi , ψ j ) do not imply this.
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One can easily show that if a conjunction of (possibly negated) F -formulas is
A -inconsistent, then it is also S-inconsistent.10 However, the converse does not
hold: a conjunction can be S-inconsistent without being A -inconsistent, i.e. while
still being A -consistent (a concrete example will be provided below). We can thus
distinguish between two types of S-inconsistent conjunctions of (possibly negated)
F -formulas: (i) those that are A -inconsistent and (ii) those that are A -consistent.
For an illustration of this distinction, consider the fragment F = {p, ¬p, ♦p, ♦¬p, ♦p∧
♦¬p, p∨¬p}. In KD this fragment gives rise to the diagram shown in Fig. 2(a),
which belongs to the Aristotelian family of JSB hexagons. As to the contradiction
and contrariety relations among F -formulas, we thus have:
CDKD (p, ♦¬p),
CDKD (¬p, ♦p),
CDKD (p ∨ ¬p, ♦p ∧ ♦¬p),

CKD (p, ♦p ∧ ♦¬p),
CKD (¬p, ♦p ∧ ♦¬p),
CKD (p, ¬p).

Now consider the following conjunctions of F -formulas:
• p ∧ ¬p ∧ (♦p ∧ ♦¬p)
It is easy to show that this formula is KD-inconsistent. Furthermore, it is
also JSB-inconsistent, because its first two conjuncts are KD-contrary in the
JSB hexagon (cf. the list of contradictions and contrarieties above).
• ♦p ∧ ♦¬p ∧ (p ∨ ¬p)
It is again easy to show that this formula is KD-inconsistent. However, it
is not JSB-inconsistent, because it does not contain two conjuncts that are
contradictory or contrary in the JSB hexagon. In particular:
– ♦p and ♦¬p are neither KD-contradictory nor KD-contrary,
– ♦p and p ∨ ¬p are neither KD-contradictory nor KD-contrary,
– ♦¬p and p ∨ ¬p are neither KD-contradictory nor KD-contrary.
Finally, it will also be useful to draw a distinction between the particular diagrams belonging to some Aristotelian family, and a more abstract, ‘generic’ description of that family (which does not refer to any specific logical system, but
just specifies a configuration of Aristotelian relations holding between formulas).
For example, the diagram in Fig. 1(b) is a particular member of the Aristotelian
family of classical squares, the diagrams in Fig. 2(a–b) are two particular members
of the family of JSB hexagons, and the diagram in Fig. 2(c) is a particular member
of the family of Buridan octagons. By contrast, the Aristotelian families of classical squares, JSB hexagons and Buridan octagons can generically be described as
in Fig. 4(a-c), respectively. The fragment of formulas appearing in the generic description of the Aristotelian family A will henceforth be called FA ; for example,
in Fig. 4(a-c) we find that:
if the conjunction ψ1 ∧ · · · ∧ ψk is A -inconsistent, then it contains conjuncts ψi , ψ j that
are S-contradictory or S-contrary to each other; hence |=S ¬(ψi ∧ ψ j ), and thus a fortiori also |=S
¬(ψ1 ∧ · · · ∧ ψk ), i.e. the entire conjunction is S-inconsistent.
10 Proof:

12

Figure 4: Generic descriptions of the Aristotelian families of (a) classical squares,
(b) JSB hexagons, and (c) Buridan octagons.

• Fclassicalsquare = {ϕ1 , ϕ2 , ¬ϕ1 , ¬ϕ2 },
• FJSB = {ϕ1 , ϕ2 , ϕ3 , ¬ϕ1 , ¬ϕ2 , ¬ϕ3 },
• FBuridan = {ϕ1 , ϕ2 , ϕ3 , ϕ4 , ¬ϕ1 , ¬ϕ2 , ¬ϕ3 , ¬ϕ4 }.
We are now ready to specify a straightforward method for computing the largest
possible partition that can be induced by any Aristotelian family A :
1. compute the conjunctions of (possibly negated) formulas from FA ,
2. discard the conjunctions that are A -inconsistent, but
3. keep the conjunctions that are A -consistent.
This method is guaranteed to yield the largest possible partition that can be
induced by A , because we only discard a conjunction (i.e. make the partition
smaller) if we are forced to do so by the contradiction and contrariety relations
present in A , i.e. if that conjunction is A -inconsistent. All other, A -consistent
conjunctions are kept on board, and thus the resulting partition will be as large as
is ‘allowed’ by A . More formally, the largest possible partition that can be induced
by the Aristotelian family A (with FA = {ϕ1 , . . . , ϕm }) looks as follows:
ΠA
max = {±ϕ1 ∧ · · · ∧ ±ϕm | ±ϕ1 ∧ · · · ∧ ±ϕm is A -consistent},
and consequently, the maximal Boolean complexity of A is |ΠA
max |.

5

The Prolog Implementation

I will now describe a computational implementation of the method described above.
As was already discussed in Section 3, the task of computing the maximal Boolean
13

complexity of an Aristotelian family is not complicated by matters of logic-sensitivity,
and hence we only need to make use of general-purpose programming tools. More
concretely, the implementation is done in the logic programming language Prolog
[6, 7]. It crucially relies on recursion to compute the maximal partition, which
closely resembles the way in which partitions are computed ‘by hand’ in concrete
applications — for specific examples, see [21, Section 5.2] and [18, Section 5.1].
The full code of the Prolog program can be found in the online appendix to
this paper. It only makes use of basic language features, which are compatible with
all the main Prolog implementations (e.g. SICStus, SWI-Prolog and YAP). Consequently, it does not require a local installation of Prolog, but can even be run on
online tools such as SWISH (a limited subset of SWI-Prolog).11 This should help
to increase the program’s accessibility and usability among the broad and interdisciplinary community of researchers who use and study Aristotelian diagrams.
I begin by discussing some design decisions regarding data representation. An
Aristotelian family A is represented in the program by means of two lists: a list of
formulas (essentially corresponding to the fragment FA introduced above) and a
list of the Aristotelian relations holding among those formulas. Since Aristotelian
diagrams are closed under negation, we specify only half of the formulas; for example, recall from Figure 4(a) that Fclassicalsquare = {ϕ1 , ϕ2 , ¬ϕ1 , ¬ϕ2 }; this will
not be represented as [phi1, phi2, not(phi1), not(phi2)], but simply as
[phi1, phi2]. Furthermore, the list of Aristotelian relations only specifies the
contrarieties (with c(phi,psi) meaning that ϕ and ψ are contrary to each other).
Since Aristotelian diagrams are closed under negation (represented by the functor
not), there is no need to explicitly list the contradiction relations (every formula
is contradictory to exactly one formula, viz. its negation); furthermore, given the
contradictions (implicitly represented by means of negation) and the contrarieties
(explicitly represented in the list of Aristotelian relations), all other Aristotelian
relations can be derived: if C(ϕ, ψ), then SC(¬ϕ, ¬ψ), SA(ϕ, ¬ψ) and SA(ψ, ¬ϕ)
[59, Lemmas 2 and 3]. For example:
• the family of classical squares is represented by the lists [phi1,phi2] and
[c(phi1,phi2)]; cf. Fig. 4(a)
• the family of JSB hexagons is represented by the lists [phi1,phi2,phi3]
and [c(phi1,phi2), c(phi1,phi3), c(phi2,phi3)]; cf. Fig. 4(b)
• the family of Buridan octagons is represented by the lists [phi1,phi2,phi3,phi4]
and [c(phi1,phi2), c(phi1,phi4), c(phi2,phi3), c(phi1,not(phi3)),
c(phi2,not(phi4))]; cf. Fig. 4(c).
Finally, the aim of the Prolog program is to compute a (maximal) partition; this
partition is represented as a list of lists, where the inner lists should be read as
conjunctions. For example, a partition of the form {ϕ1 ∧ ϕ2 , ϕ3 ∧ ¬ϕ4 , ¬ϕ5 ∧ ϕ6 }
is represented as [[phi1,phi2], [phi3,not(phi4)], [not(phi5),phi6]].
11 See

https://swish.swi-prolog.org.
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The main predicate of the Prolog program is maxpartition/3. In particular,
maxpartition(+Fragment, +Contrarieties, -Partition)
means that Partition is the largest possible partition that can be induced by the
Aristotelian family represented by Fragment and Contrarieties. This predicate
is defined recursively. The base case states that if the fragment contains just a single
formula ϕ, then it induces the partition {ϕ, ¬ϕ} (regardless of Contrarieties).
In the recursive case, we consider fragments containing more than one formula, say
{ϕ1 , ϕ2 , . . . , ϕm }; we first recursively compute the partition induced by {ϕ2 , . . . , ϕm },
and then add ±ϕ1 as a conjunct to each of the conjunctions in this partition induced
by {ϕ2 , . . . , ϕm }. Furthermore, when adding ±ϕ1 as a conjunct to a conjunction, we
make sure to maintain A -consistency (with A being the Aristotelian family that
is represented by Fragment and Contrarieties): if the conjunction contains the
contradictory of ±ϕ1 (implicitly represented by means of negation, i.e. the functor
not) or one of the contraries of ±ϕ1 (explicitly represented in Contrarieties)
as one of its conjuncts, then we discard that conjunction (since adding ±ϕ1 to it
would have led to an A -inconsistent formula).
Once the definition of the predicate maxpartition/3 is in place, it becomes
trivial to also define the predicate maxbooleancomplexity/3. In particular,
maxbooleancomplexity(+Fragment, +Contrarieties, -MBC)
means that MBC is the maximal Boolean complexity of the Aristotelian family represented by Fragment and Contrarieties.
The conjunctions in the partition computed by maxpartition/3 tend to be unnecessarily long. For example, if we use this predicate to compute the maximal partition induced by the family of JSB hexagons — cf. Fig. 4(b) —, it yields conjunctions such as ϕ1 ∧ ¬ϕ2 ∧ ¬ϕ3 . However, since the JSB hexagon has subalternations
from ϕ1 to ¬ϕ2 and to ¬ϕ3 , this conjunction can be simplified to ϕ1 . The predicate
maxpartitionsimple/3 does exactly the same as maxpartition/3, but simplifies the conjunctions as much as possible, based on the available Contrarieties.
(For example, given the contrariety C(ϕ, ψ), the conjunction ϕ ∧ ¬ψ can be simplified to ϕ, while ¬ϕ ∧ ψ can be simplified to ψ.)
Finally, once the maximal partition has been computed (using either maxpartition/3
or maxpartitionsimple/3), we can also compute the maximal bitstring representation that it gives rise to. In particular,
maxbitstrings(+Fragment, +Contrarieties, -Bitstrings)
means that Bitstrings contains the bitstring representations of the formulas in
Fragment, based on the maximal partition that is induced by the Aristotelian
family represented by Fragment and Contrarieties. For example, the family of JSB hexagons — cf. Fig. 4(b) — induces the maximal partition ΠJSB
max =
{ϕ1 , ϕ2 , ϕ3 , ¬ϕ1 ∧ ¬ϕ2 ∧ ¬ϕ3 }, which gives rise to the maximal bitstring represenJSB . Since |ΠJSB | = 4, the representation β JSB works with bitstrings of
tation βmax
max
max
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JSB (ϕ ) = 1000 — since ϕ is (equivlength 4. For example, we trivially have βmax
1
1
JSB
JSB (¬ϕ ) = 1011 — since ¬ϕ
alent to) the first formula in Πmax —, but also βmax
2
2
is equivalent to the disjunction of the first, third and fourth formula in ΠJSB
max . The
variable Bitstrings is a list of lists, where the inner lists are bitstrings together
with the formulas that they represent. For example, in the case of the family of JSB
hexagons, Bitstrings has the form

[[1,0,0,0,phi1], [0,1,0,0,phi2], [0,0,1,0,phi3]],
JSB (ϕ ) = 1000, β JSB (ϕ ) = 0100 and β JSB (ϕ ) = 0010.
which means that βmax
1
max 2
max 3

6

Theoretical Fruitfulness

As was already explained in Section 3, the task of determining the maximal Boolean
complexity of any given Aristotelian family is of considerable theoretical importance within the framework of logical geometry. The Prolog program described
in Section 5 solves this task in an automated, computational fashion. I will now
illustrate the theoretical fruitfulness of this program, by applying it to some wellknown Aristotelian families; I will also show that these results shed new light on
the systematic classification of Aristotelian families and their Boolean subfamilies.

6.1

The Aristotelian Families of Classical and Degenerate Squares

We start by considering the best-known and most widely used Aristotelian family,
viz. the family of classical squares. A concrete example of this family was shown
in Fig. 1(b); its generic description is in Fig. 4(a). We can now use the Prolog
program to compute the maximal partition induced by this family:
?- maxpartitionsimple([phi1,phi2], [c(phi1,phi2)], Partition).
Partition = [[phi1], [phi2], [not(phi1),not(phi2)]].
We thus find that Πclassicalsquare
= {ϕ1 , ϕ2 , ¬ϕ1 ∧ ¬ϕ2 }, and hence the maximal
max
Boolean complexity of this Aristotelian family is |Πclassicalsquare
| = 3.
max
Furthermore, the minimal Boolean complexity of this Aristotelian family is
also 3. After all, if an Aristotelian diagram has Boolean complexity 2, then it
can be represented by bitstrings of length 2, and since there exist only 22 − 2 = 2
contingent bitstrings of length 2, the diagram cannot be a square (which contains
4 > 2 contingent formulas), and thus a fortiori not a classical square.
Since the maximal and the minimal Boolean complexity of the family of classical squares coincide, this Aristotelian family is Boolean homogeneous: all diagrams belonging to it have the same Boolean complexity (viz. 3). Using more
classification-oriented terminology: the Aristotelian family of classical squares
does not have distinct Boolean subfamilies.
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We now turn to the other Aristotelian family of squares, viz. the family of
degenerate squares. A concrete example of this family was shown in Fig. 1(c);
its generic description is in Fig. 5(a). Diagrams in this family do not contain
any pairs of contrary formulas, so when running the Prolog program, we specify
Contrarieties to be the empty list []:
?- maxpartitionsimple([phi1,phi2], [], Partition).
Partition = [[phi1,phi2], [phi1,not(phi2)],
Partition = [[not(phi1),phi2], [not(phi1),not(phi2)]].
We thus find that Πdegeneratesquare
= {ϕ1 ∧ ϕ2 , ϕ1 ∧ ¬ϕ2 , ¬ϕ1 ∧ ϕ2 , ¬ϕ1 ∧ ¬ϕ2 }, and
max
hence the maximal Boolean complexity of this Aristotelian family is 4.
Furthermore, it can be shown that the minimal Boolean complexity of this Aristotelian family is also 4. After all, its diagrams contain formulas that are unconnected (i.e. do not stand in any Aristotelian relation at all), and it is well-known
in logical geometry that representing unconnected formulas requires bitstrings of
length at least 4 [21, 62]. Once again, the maximal and the minimal Boolean complexity of the family of degenerate squares coincide, so this Aristotelian family,
too, is Boolean homogeneous: all diagrams belonging to it have the same Boolean
complexity (viz. 4).
There exist only two Aristotelian families of squares (viz. the classical ones
and the degenerate ones; cf. Footnote 1), and we have now found that both these
families are Boolean homogeneous. From a classificatory perspective: as long
as we restrict ourselves to Aristotelian squares, the issue of Boolean subfamilies
simply does not arise. The Prolog program also sheds new light on the underlying
reason for this situation. Recall from Section 4 that there exist conjunctions of
formulas that are A -consistent, but S-inconsistent (for some Aristotelian family A
and logical system S). However, this can only happen if the conjunction contains at
least three conjuncts (recall Footnotes 8 and 9 on the strictly binary nature of the
Aristotelian relations). However, Aristotelian squares contain only two formulas
ϕ1 and ϕ2 (and their negations), and hence give rise to conjunctions of only two
conjuncts. Consequently, if we consider any square — i.e. any diagram belonging
to any Aristotelian family A of squares — that is defined in some logical system
S, then the conjunctions in the partition induced by this square will be not only A consistent, but also S-consistent.12 This changes drastically when we move beyond
the squares, as we will do next.
12 In the case of the partition induced by a classical square, the (simplified) conjunctions ϕ

1 and ϕ2
are S-consistent because they appear as formulas in an Aristotelian diagram, while the conjunction
¬ϕ1 ∧ ¬ϕ2 is S-consistent because of the S-subcontrariety of ¬ϕ1 and ¬ϕ2 . In the case of the
partition induced by a degenerate square, all four conjunctions are S-consistent because of the Sunconnectedness of ϕ1 and ϕ2 : if either of these four conjunctions were S-inconsistent, then ϕ1
and ϕ2 would effectively stand in some Aristotelian relation in S after all (and thus no longer be
S-unconnected).
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Figure 5: (a) Generic description of the Aristotelian family of degenerate squares,
(b) maximal bitstring representation of the Aristotelian family of JSB hexagons
(= bitstring representation of the Boolean subfamily of weak JSB hexagons), (c)
bitstring representation of the Boolean subfamily of strong JSB hexagons.

6.2

The Aristotelian Family of JSB Hexagons

We now study the second most widely used Aristotelian family after the classical
squares, viz. the family of JSB hexagons. Concrete examples of this family were
shown in Fig. 2(a-b); its generic description is in Fig. 4(b).
We can now use the Prolog program to compute the maximal partition induced
by this family:
?- maxpartitionsimple([phi1,phi2,phi3],
?- maxpartitionsimple([c(phi1,phi2), c(phi1,phi3), c(phi2,phi3)],
?- maxpartitionsimple(Partition).
Partition = [[phi1], [phi2], [phi3],
Partition = [[not(phi1),not(phi2),not(phi3)]].
We thus find that ΠJSB
max = {ϕ1 , ϕ2 , ϕ3 , ¬ϕ1 ∧ ¬ϕ2 ∧ ¬ϕ3 }, and hence the maximal
Boolean complexity of this Aristotelian family is |ΠJSB
max | = 4. We can also use
the maxbitstrings/3 predicate to compute the maximal bitstring representation
JSB ; this makes use of bitstrings of length 4, as shown in Fig. 5(b).
βmax
The concrete JSB hexagon in Fig. 2(b) has indeed the maximal Boolean complexity of 4, but the one in Fig. 2(a) has a lower Boolean complexity of 3; we
have already seen in Section 3 that the former induces a quadripartition (in KT),
whereas the latter induces a tripartition (in KD). There exist no JSB hexagons
with Boolean complexity smaller than 3, because of cardinality considerations
that should be familiar by now. From a classificatory perspective: the Aristotelian
family of JSB hexagons has exactly two Boolean subfamilies, viz. the strong JSB
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hexagons (which have Boolean complexity 3) and the weak JSB hexagons (which
have Boolean complexity 4).
The Prolog program also sheds new light on the relation between these two
Boolean subfamilies. Recall that ΠJSB
max = {ϕ1 , ϕ2 , ϕ3 , ¬ϕ1 ∧ ϕ2 ∧ ¬ϕ3 }. For a concrete JSB hexagon (in some logical system S), the first three formulas in this partition also directly appear in the JSB hexagon itself, and will thus be not only JSBconsistent, but also S-consistent. By contrast, the fourth formula ¬ϕ1 ∧ ¬ϕ2 ∧ ¬ϕ3
is JSB-consistent, but it is not necessarily S-consistent: there exist concrete JSB
hexagons and logics for which this conjunction is consistent, but also concrete
JSB hexagons and logics for which it is inconsistent. For example, for the JSB
hexagon in Fig. 2(b), this conjunction amounts to ♦¬p ∧ (¬p ∨ p) ∧ ♦p, which is
KT-consistent (it is KT-equivalent to ¬p ∧ ♦p); by contrast, for the JSB hexagon
in Fig. 2(a), this conjunction amounts to ♦¬p ∧ (p ∨ ¬p) ∧ ♦p, which is KDinconsistent.
Returning to the generic description of the family of JSB hexagon in Fig. 4(b),
we thus see that (i) a strong JSB hexagon induces the partition {ϕ1 , ϕ2 , ϕ3 }, whereas
(ii) a weak JSB hexagon induces the (maximal) partition {ϕ1 , ϕ2 , ϕ3 , ¬ϕ1 ∧ ¬ϕ2 ∧
¬ϕ3 }. The tripartition that is induced by the Boolean subfamily of strong JSB
hexagons is thus a subset of the quadripartition that is induced by the Boolean subfamily of weak JSB hexagons. In terms of bitstring representations, this means
that the bitstrings used to represent a strong JSB hexagon are substrings of the
bitstrings that are used to represent a weak JSB hexagon: they are obtained by
systematically deleting the fourth bit position, which corresponds to the conjunction ¬ϕ1 ∧ ¬ϕ2 ∧ ¬ϕ3 . The bitstring representation of the Boolean subfamily of
weak JSB hexagons (and hence: the maximal bitstring representation of the entire
Aristotelian family of JSB hexagons) makes use of bitstrings of length 4, as shown
in Fig. 5(b); by contrast, the bitstring representation of the Boolean subfamily of
strong JSB hexagons makes use of bitstrings of length 3, as shown in Fig. 5(c).
These results also show that the correspondence between JSB hexagons and
tripartitions is more subtle than it is sometimes taken to be [9, 22, 48, 66]. Every
tripartition indeed gives rise to a JSB hexagon: if {ϕ1 , ϕ2 , ϕ3 } is a partition, then
we always obtain a JSB hexagon as in Fig. 4(b). However, the converse does not
universally hold: not every JSB hexagon induces a tripartition (some JSB hexagons
induce a quadripartition). To obtain a perfect correspondence, we should not refer
to the entire Aristotelian family of JSB hexagons, but rather to one of its Boolean
subfamilies: every tripartition gives rise to a strong JSB hexagon, and vice versa.

7

Conclusion

This paper has laid the foundations for a computational approach to logical geometry. I have described a Prolog program that automatically computes the maximal
partition induced by (and thus also the maximal Boolean complexity of) any given
family of Aristotelian diagrams. This constitutes a significant contribution to the
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ongoing effort toward developing a systematic classification of Aristotelian diagrams into Aristotelian families and Boolean subfamilies.
In this paper we have used the Prolog program to compute the maximal partitions induced by the Aristotelian families of classical squares, degenerate squares,
and JSB hexagons; these results also shed new light on the logical properties of
these Aristotelian families in general. In future research the Prolog program will
be used to compute the maximal partitions induced by all Aristotelian families that
are currently known (cf. Footnote 1), and to study their logical properties in further
detail.
On a more ambitious level, we will also further extend the computational approach to logical geometry. One of the main goals in this respect is to develop
a program for automatically determining all the families of Aristotelian diagrams
(given some upper bound on diagram size or Boolean complexity, for example).
After such a program has computed the distinct Aristotelian families, its output
can be fed into the Prolog program described in this paper, which will then compute the maximal Boolean complexity of each Aristotelian family. In this way we
can create an entire pipeline of computational tools in logical geometry.
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